Envelope functions for the reflection and transmission spectra of multilayer structures are determined. Analytical expressions for the phase thicknesses of two arbitrary layers ensuring zero reflectance for the whole transparent structure are found with the aid of those envelopes.
Introduction
Envelopes of reflection and transmission spectra of one-layer systems have been used by many researches in order to derive optical constants of those systems [1] [2] [3] [4] [5] [6] [7] . In particular, the authors [8, 9] have employed the envelope function for spectral reflection minima for finding of expressions for the incidence angles that provide zero p-or s-reflectance of one-layer structures. In spite of a common opinion that finding out the analytical functions for the spectral envelopes is hardly possible, even for relatively simple case of two transparent films [10] , analytical expressions for the envelopes of both transparent and absorbing two-and three-layer structures have nevertheless been obtained [11] .
In this study we present expressions for the envelopes of reflection and transmission spectra of multilayer structures. These results are further applied for ascertaining analytical antireflection conditions for transparent multilayer structures. It has turned out that the antireflection conditions derived by us generalise the corresponding conditions for the case of two-layer coatings [12, 13] , which have been earlier obtained with the aid of other techniques.
Envelope functions for the reflection and transmission spectra of absorbing multilayer structures
Let us consider a multilayer system consisting of k isotropic layers with the phase The medium above the layered system is semi-infinite, with the refractive index 0 n , and there is a semi-infinite substrate with the refractive index 1 k n + below the system.
The amplitude reflectance and transmittance of the multilayer structure may be written respectively as [14] 
where s is an arbitrary number ( 0 
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Hear the upper signs in " ± " and " ∓ " refer to the condition 1 + > j u and the lower ones to the condition
On the basis of Eqs. (1) and (2) 
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Notice that here the sign " + " refers to 
holds true for the optical thickness of the layer with the number s (see Fig. 1 ).
Regardless of whether the optical thickness of that arbitrary layer satisfies the condition (6) or not, the envelope function for the minima of the reflection spectrum Eq. (4) may be successfully used for establishing antireflection conditions for the transparent multilayer structure. 
Antireflection conditions for the transparent multilayer structure
Basing on Eqs. (3) and (4) 
If the antireflection condition given by Eq. (7) 
where the amplitude reflectance (1) (9) is as follows: 
where
Eq. (8) 
Numerical example
As an example, let us derive the antireflection conditions at a given wavelength for a transparent ten-layer structure in case of the normal incidence. Let us this structure in the air ( 0 1 n = ) be deposited on germanium substrate ( 1 11 4.0 k n n + = = ). The two solutions for the phase thicknesses of the second and eighth layers, whose numbers are taken arbitrarily, have been found out for arbitrarily chosen refractive indices of all the layers ( 1 1.37 n = , 2 1.43 n = , 3 1.55 n = , 4 1.77 n = , 5 1.97 n = , 6 2.10 n = , 7 2.30 n = , 8 2.47 n = , The calculation for the reflectance versus normalized frequency 0 / λ λ (with 0 λ being the wavelength that corresponds to the calculated phase thicknesses) is illustrated in Fig. 2 . 
Conclusions
Utilisation of the functions of minimums envelope min s R has allowed us to find successfully the analytical conditions for the zero reflectance of multilayer coatings at a single light wavelength. These conditions might be reduced to determination of phase thicknesses of arbitrary two layers with the aid of Eqs. (8) and (10), provided that the refractive indices and the phase thicknesses of all the other layers satisfy the condition 0 Q ≥ . It is shown that the antireflection does not occur in case when 0 Q < .
The antireflection conditions revealed by us turn out to be more general when compare with those obtained with the other known methods for achieving zero reflectance at a single wavelength [17] . Namely, they allow choosing arbitrary refractive indices and phase thicknesses of all the layers under study, except for two arbitrary ones, of which the parameters should be thoroughly calculated.
The envelope functions for the reflection and transmission spectra determined in this work may be also used for many other purposes, including those mentioned above.
